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Commodity Price Behavior Resulting from
Transaction-Cost Frictions

Abstract

This paper substantially narrows the gap that exists betwea the extensive empirical liter-

ature that documents the properties of commodity spot and fuures prices, and theoretical
models of these prices. We present a competitive storage metlof commodity prices that

includes transactions costs and derive the spot, forward ath stored commodity price process
that it implies. These costs introduce an element of irrevesibility into storage decisions and
result in periods during which speculators do not trade in the spot market even though total
storage is positive. As a result, in these periods the marketvalue of the stored commod-
ity, which is determined in the (capital) market for ownership of rms operating storage

facilities, can diverge from the spot price. This price sepgation leads to the existence of
an endogenous convenience yield, which is the expected essereturn on a real option em-
bedded in each unit of the stored commodity. Our model produes outputs that replicate

closely the stylized facts regarding commodity price distibutions, including serial correlation

and GARCH characteristics. Samuelson's hypothesis | that f orward prices are less volatile
than spot prices | does not hold in general. We conclude that linear transaction costs have
considerable explanatory power for the behavior of spot andorward commodity prices.

JEL Classi cation code: G1, G13, Q1, Q4.

Keywords: backwardation, commodities, convenience yieldGARCH, real options, Samuel-
son's hypothesis, storage, transactions costs.



Commodity Price Behavior Resulting from
Transaction-Cost Frictions

1 Introduction

There is now an extensive empirical literature that documerts the properties of commodity spot
and futures prices. However, the fundamental economic origs of the behavior that this litera-
ture has identi ed are much less well understood. What insidnts that do exist have typically been
derived from a competitive storage model in which speculates buy a commodity from producers
and store it for subsequent sale to consumers. While the earlcompetitive storage literature
concentrates on establishing the existence and uniqueness rational expectations equilibria
(Muth, 1961; Samuelson, 1971; Kohn, 1978; Wright and Willians, 1982, 1984; Scheinkman and
Schechtman, 1983), more recent work has shown that the empoal performance of the model
leaves much to be desired (Deaton and Laroque, 1992, 1996; @mbers and Bailey, 1996; Ng,
1996; Michaelides and Ng, 2000; Routledge et al., 2000). Irnert, the standard competitive stor-
age model has trouble explaining much of the behavior documed in the empirical literature.
In this paper we introduce a simple transactions cost into the storage process of a competitive
equilibrium storage model | a cost is incurred each time a unit of the commodity is moved
into or out of storage | and show that the resulting friction | eads to quite dramatically altered
predictions that match well the observed behavior of spot aml forward prices.

The storage transaction cost alters the equilibrium behavor of speculators because it intro-
duces an element of irreversibility into the decision to chage storage levels | it is costly to
move the commodity into and then immediately out of storage @nd also to empty and then
immediately re |l a storage facility). Since storage changes are no longer costlessly reversible,
in some states of nature the spot price is simultaneously todow for the payo from selling from
storage to compensate speculators for the destruction of th real option to wait and sell at a
future date, and too high for the payo from raising storage to compensate speculators for the
destruction of the real option to wait and buy at a future date.> As a result, there is a region
in which speculators do not trade in the spot market even thowh total storage is positive. The
existence of this region is the source of all of our results. These results enhance our knowledge
of commodity price processes in some six dimensions.

!Several authors have studied the call option associated with holding a commodity in storage, but usually
in very restrictive ways. For example, Heinkel et al. (1990) analyze the call option associated with holding a
commodity in storage, while Litzenberger and Rabinowitz (1 995) build an equilibrium model of oil extraction,

but in both papers the decision to release the commodity from storage is completely irreversible.
2Since the existence of this region is an immediate result of aur assumption that changes of inventory are not

costlessly reversible, our model could be recast in terms ofa wide variety of di erent frictions and our main results
would still hold. For example, if moving the commodity into o r out of storage takes time then this delay makes

immediate reversal impossible, which is su cient for the re al option to delay changing storage to have value.



Firstly, the transactions costs aect the commodity price processes in ways that concur
with empirical stylized facts. The non-trading periods produce GARCH-like behavior that is
standard in commodity prices. As long as speculators are trding in the spot market, they will
help dampen shocks (in our model, supply shocks). However, lven speculators withdraw, the
spot price will bear the full impact of such shocks. This show up in our model as periods of
relatively low price volatility while speculators are trad ing in the spot market, interrupted by
relatively brief periods of much higher volatility when they do not trade. This sporadic behavior
produces heteroscedasticity that is strongly suggestive fahe GARCH and related models that
are frequently tted to commodity price data (Baillie and My ers, 1991; Ng and Pirrong, 1994,
1996). Indeed, our simulations show that our model is able tomimic the results of tting
GARCH models to actual commodity price data, provided that t he transaction-cost friction is
present. In contrast, when the friction is omitted from the model, the no-trade region does not
arise and simulated prices do not exhibit GARCH-like behavor.

Another, empirical stylized fact is that commodity spot pri ces are serially correlated of
a high order. Deaton and Laroque (1996) report that their frictionless competitive storage
model substantially under estimates the autocorrelationsof commodity price series that they
consider. The simulations of our competitive storage modesuggest autocorrelation coe cients
resulting from storage at levels that are close to their empiical counterparts. The autocorrelation
coe cients are higher by the order of some 80{100% in the presnce of storage relative to the
case where there are no speculators. Further, we nd that theltering of harvested output to
the nal goods market implied by storage behavior that is modi ed by trading costs diminishes
this autocorrelation only very slightly as the transactions costs increas.

Secondly, in the region where speculators withdraw from thespot market, the market value
of the stored commodity diverges from the spot price. In contast to the frictionless case,
there are really two distinct goods appearing in our model wten there are transactions costs:
the commodity being traded in the spot market and the commodty being held in storage.
Their respective prices are the spot price and the market vale of a rm holding one unit
of the commodity in storage3 Equilibrium in the market for ownership of such rms imposes
intertemporal restrictions on the price of the stored commality, and the spot price inherits these
intertemporal restrictions whenever storage operators a@ active in the spot market. However,
whenever storage operators do not participate in the spot meket, the items traded there are
created and consumed instantaneously. As a result, thesedins cannot be used to transfer
wealth across time, so there are no intertemporal restrictbns on the spot price. However, there
remains a price for the stored commodity in the market value & storage rms. It is subject to
the intertemporal restrictions of capital markets. The di erence between the spot and stored-

commodity price re ects the value of the option to delay decisions about trading the stored

3This follows from our assumption of free entry into the stora ge market.



commodity in the future.* When storage decisions are costlessly reversible, this reaption has
zero value, so that the two prices are always equal.

Thirdly, the friction-induced price divergence produces an endogenous convenience Yyield.
A convenience yield is usually motivated as a ow of nonpecuiary bene ts accruing to the
owner of the stored commodity but not the owner of a contract for future delivery of the
commodity (Kaldor, 1939; Working, 1948, 1949). It is suggeted that this ow compensates
for an inadequate expected capital gain and thereby inducegms to hold the commodity even
though the expected net return from doing so appears to be negive, as measured by prices
in the spot and futures markets. A variety of sources have bee suggested for the benets
underlying the convenience yield. For example, Telser (199 suggests that inventory allows
producers to reduce the costs of producing at a given level ahof varying output. Brennan
(1958) suggests sources for the convenience yield that incde avoiding costs associated with
frequent deliveries of inputs, avoiding delays and costs ofarying the production schedule to
meet uctuating demand, and the ability to take advantage of price changes at short notice.

Because we explicitly model the costs and bene ts of storinghe commodity in this paper,
there should be no convenience yield. And, in fact, as long athe market value of the stored
commodity is used to calculate the expected return from stoage, there is no expected return
shortfall. That is, when returns and opportunity costs are correctly measured, there is no con-
venience yield in this model. However, when we use the widelgiccepted approach of calculating
the expected return from storage using the spot price of the ammodity, there may be an appar-
ent shortfall, implying a nonzero convenience yield. In ourmodel, this convenience vyield is zero
when speculators are active in the spot market (and the spot dce inherits the intertemporal
properties of the market value of the stored commaodity). Outside this region, the convenience
yield is nonzero. Therefore, at least in our model, the convaience yield is simply a consequence
of mis-calculating the return to storage by using the spot pice rather than the true market
value of the stored commodity.

Fourthly, since the convenience yield arises due to the divgence between the spot price and
the market value of the stored commodity, and since this divegence is due to the presence of a
real option in each unit of the stored commaodity, it follows that the convenience vyield re ects
the existence of this real option. Although the convenienceyield is commonly de ned to be
the ow of non-pecuniary bene ts that accrue to the owner of physical inventory, the usual
explanations for the source of the convenience yield ultimily originate from various cash ows.
Some (for example, reducing the cost of producing at a giverelel or of varying output to meet
uctuating demand) involve the avoidance of future cash outows. Others (for example, the
ability to take advantage of price changes at short notice) nvolve future cash in ows that result

from ownership of a commodity. In our model, these cash ows ee clearly the payo from

4In our competitive equilibrium model the option value does n ot arise from limitations on the quantum of

available storage.



exercising the real option embedded in the stored commodity The expected return shortfall,

and hence the convenience yield, arises simply because thsual expected return calculation

ignores the value of this embedded option. Indeed, we show #i the convenience yield equals
the amount by which the capital gain on the embedded real opton is expected to exceed the
opportunity cost of ownership of the stored commodity.

A fth nding is that when the transaction-cost friction is a bsent, the instantaneous con-
venience yield is zero except during stock-outs; but when té friction is included in the model
the convenience yield can take nonzero values for positivetarage levels. When this happens
the convenience yield will be positive for low harvest leved and negative for high harvest levels,
re ecting the mean-reverting nature of the harvest in our model. For example, if the current
harvest is higher than the long-run average, the harvest is pected to fall in the future. In the
region where speculators have withdrawn from the spot marke this implies that the spot price
is expected to rise in the future, so that the expected returnfrom storage will be relatively high;
if the harvest is su ciently high, the implied convenience yield will be negative. The possibility
that the convenience yield can take negative values has imptant implications for the behavior
of commodity spot and forward prices.

The possibility of a negative convenience yield a ects the elationship between spot- and
forward-price levels. This relationship is summarized by he extent of backwardation, which we
de ne as the amount by which the spot price exceeds the forwat price, adjusted for interest and
storage costs> The resulting measure, which in fact equals the present vale of the ow of the
convenience vyield prior to the forward contract's delivery date,® gives the amount by which the
payo from selling the stored commodity immediately exceeds that from selling the commodity
at a xed date in the future. With negative storage allowed and frictions omitted, this measure
will always equal zero in equilibrium. With negative storage impossible, when storage is low
rms hold inventory at a level such that our backwardation me asure is positive; that is, the
marginal storage operator is holding inventory even thoughthe return from selling immediately
is greater than the (apparent) return from continuing to hold the commodity in storage. With
the appearance of a storage friction, for all but very low steage levels rms hold inventory at a
level such that our measure of backwardation is negative; tht is, the marginal storage operator
holds inventory when the (apparent) return from adding even more of the commodity to storage
is positive. Nevertheless, for both positive and negative &lues of our backwardation measure
the marginal storage operator is behaving rationally. Unde positive backwardation, the best

alternative to selling immediately is not to commit to sell a xed number of years in the future,

SAlternative measures include the unadjusted spread between spot and forward prices (essentially just the
slope of the term structure of forward prices) and the amount by which the spot price exceeds the forward price

adjusted for interest costs only (Litzenberger and Rabinow itz, 1995).
8Since the convenience yield can be nonzero when inventory ispositive, the extent of backwardation does not

depend solely on stock-outs as it does in the frictionless malel.



but rather to retain the option to sell at any time; the value of this option is omitted from
the backwardation calculation. Under negative backwardaton, the best alternative to buying
immediately is not to commit to buy the commodity a xed numbe r of years in the future,
but rather to retain the option to buy at any time (or not at all ); in this case the extent of
backwardation overstates the cost of the alternative to buying the commodity immediately.

Our prediction that the apparent return from storage will of ten be negative in equilibrium
is not new.” Indeed, an extensive literature documents, and attempts toexplain, evidence that
rms often hold considerable amounts of inventory even thowgh markets are backwardated. The
earliest explanation again relies on the existence of a ow bnon-pecuniary bene ts accruing to
the owner of the stored commodity but not the owner of a contract for future delivery of the
commodity (that is, a convenience yield), which compensats for an inadequate expected capital
gain and thereby induces rms to hold the commodity during backwardations (Kaldor, 1939;
Working, 1948, 1949). Unfortunately, relatively little pr ogress has been made in developing the
theoretical foundations of the convenience yield. The mosipopular alternative explanation is
that ownership of the stored commaodity confers a valuable tming option that can be exercised
during stock-outs (Routledge et al., 2000)2:° One contribution of this paper is to extend these
two strands of literature, showing how, under general condions, the convenience vyield can be
interpreted as the amount by which the expected return from holding a timing option embed-
ded in each unit of the stored commodity exceeds the opportuity cost of that commodity as
measured in the spot and forward market.

A sixth general nding concerns the relative volatility of s pot and forward prices, Although
we nd that the Samuelson (1965) hypothesis that forward prices are less volatile than spot
prices holds in the frictionless case, it does not hold in gesral when a transaction-cost friction
is added to the model. In fact, in this latter case, Samuelsois hypothesis is violated during mod-
erately good harvests (while the introduction of a transacion-cost friction actually strengthens

Samuelson's hypothesis for moderately poor harvestsf® For moderately high harvest levels, an

"Our other prediction | that the apparent return from storage will often be positive in equilibrium | does

seem to be new and is worthy of further investigation.
8Along similar lines, Wright and Williams (1989) argue that ¢ ommodities that are aggregated for reporting

purposes are often economically distinct. They show that if the cost of transforming one commaodity into another
is higher when carried out in a later period, then one commodity may be stored in positive quantities even though
(apparent) excess returns are available from storing the other commodity. Such a situation will appear in the data
as positive industry-wide storage with backwardated price s. Brennan et al. (1997) analyze the wheat marketing
system of Western Australia and nd behavior consistent wit h this argument, while Frechette and Fackler (1999)

present contradictory empirical evidence from the US corn m arket.
9Other works in this literature include Bobenrieth et al. (20 04), who apply non-linear marketing costs in their

storage model.
O Existing theoretical explanations for violations of Samue Ison's hypothesis include seasonal demand shocks

(Anderson and Danthine, 1983) and information asymmetry am ong investors (Hong, 2000). We achieve the same

result with a time-homogeneous information ow and all agen ts sharing a common information set.



increase in the harvest lowers the spot price, and moves theystem further away from the region
where the convenience yield is negative. Because the spotipe is expected to grow rapidly in
this region, the higher harvest level makes imminent rapid hcreases in the spot price less likely
than before. Thus, the forward price falls even further thanthe spot price

Although they do not investigate the role of storage, three iecent papers also use continuous-
time equilibrium models of spot prices to analyze the behawr of forward prices. Carlson et al.
(2006) analyze an exhaustible resource and nd, amongst oter results, that there is aU-shaped
relationship between spot price volatility and the slope ofthe term structure of forward prices.
Kogan et al. (2005) obtain a similar result for futures price volatility in a model that features
irreversible investment and a capacity constraint, a resul that they claim cannot be captured by
standard storage-based models of commodity prices. Casasset al. (2005) build an equilibrium
model involving a commodity that is used as an input into a production process. There is no
storage in their model, but a friction in the commodity extra ction process is su cient to induce
an endogenous convenience yield.

We describe our model set-up in Section 2. Then, in Section 3ye show how a competitive
equilibrium spot price can be derived. We also describe somkey properties of equilibrium
storage policies and explain why the market value of the stoed commodity deviates from the
spot price. Our discussion of the convenience yield and itsr@ins in the real option embedded in
the stored commodity is contained in Section 4, while the neksection explains how the frictions
in our model a ect the extent of backwardation observed in canmodity prices. The results of
our numerical analysis are presented in Section 6, where weg rm the predictions of the earlier
sections as well as describing the high-frequency price damics implied by our model. Section 7

o0 ers some concluding remarks. All proofs can be found in Apendix A.

2 Basic model structure

There are three types of agents: consumers, producers, angeculators. Speculators purchase
the commodity from producers and store it for later sale to camsumers. Producers can also
sell directly to consumers, but these sales occur immedialg after production (that is, only
speculators can store the commodity). Lets; denote the total quantity of the commodity held
in storage at datet and suppose that inventories decay at the rate", for some constant” > 0.
Some of the commodity is destroyed whenever it is moved into roout of storage. In particular,

each unit of the commodity purchased by speculators only ineases inventory by 1 k; units,

" This is consistent with the observation by Bessembinder et al. (1996) that Samuelson's hypothesis is driven
by a negative correlation between changes in the spot price and changes in the slope of the term structure of
forward prices. For moderately high harvest levels, an incr ease in the harvest reduces both the spot price and the

slope of the term structure of forward prices, so that the cor relation is positive.



while each unit sold to consumers reduces inventory by 1 4, units, where k; + ko > 0.1%13

Thus, total storage evolves according to
dst = ( (z)+ "sy)dt; (1)

where z; is the rate at which speculators sell the commodity to consurers* and
8
(2= <@ k)z; ifz<0;
- 1+ ko)z; ifz O

The market-clearing spot price at datet is p; = (y; + z), where the consumers' inverse
demand function is assumed to satisfy °< 0 and limgy (g) = 0, and y; is the rate at
which the commodity is produced by producers. We suppose thiay; evolves according to the
di usion process

dyt = (y)dt+ (y1)dy; 2

for some functions and .1° If risk premia are determined by the Capital Asset Pricing Model,

then the appropriate “risk-neutral process' fory; is

dyr = ( (1) (y))dt+ (y1)d ; 3

where  (which we assume to be constant) is the product of the market pice of risk (the
market risk premium divided by the standard deviation of the rate of return on the market
portfolio) and the correlation coe cient between the rate o f return on the market portfolio and
the exogenous harvest (Trigeorgis, 1996, pp. 95{101). As hg as we use the risk-neutral process,
we can calculate present values by discounting expected dasows using the risk-free interest

rate r, which we assume is constant.

2This particular friction is the specic source of the main re sults in our model. However, anything that
introduces an element of irreversibility into the decision to change storage levels will lead to valuable timing
options embedded in the stored commodity, and therefore to qualitatively similar results. For example, the
friction could arise from cash out ows incurred whenever mo ving the commodity into and out of storage, or from
short-run in exibility in processing and transporting com modities. Either friction would generate the embedded
options that are key to our results, albeit at the cost of a muc h more complicated model in the case of the latter

alternative.
13 proportional transaction costs are commonly adopted. For e xample, see Constantinides (1986) and Dumas

and Luciano (1991) for portfolio models, and Chavas et al. (2000) for the soy-bean market.
¥1f zv < 0, then z is the rate at which speculators purchase the commodity from producers.
B sSeasonality could be introduced into the harvest process by allowing and to depend explicitly on t,

although this would complicate the analysis by introducing another dimension (time) into the partial di erential
equation that we need to solve when analyzing the model.



3 Competitive equilibrium spot prices

3.1 Socially optimal management of storage

In this section we derive an inventory management policy cheen by a social planner who seeks
to maximize the present value of the ow of total surplus, comprising the sum of the surpluses

owing to consumers, producers, and speculators.

Proposition 1  The ow of total surplus at date t equals
Z

Y+ Zt

TS(zi;y1) = . (0) da: (4)

The social planner faces the following problem: given curnat storage s and the current harvest

y, choose the level of sales from storagein order to maximize the present value of total surplus,
Z 1
Wsiy)=E e TS (2(st; ye)i y) dtj (So;yo) = (i)

whereE denotes expectations with respect to the risk-neutral proess in (3). The corresponding

Hamilton-Jacobi-Bellman equation is

O=max ( (9)+ "s)%:+( %;/+ % 2%\%’/ r'W + TS(z;y): (5)

The choice ofz in (5) is constrained by the requirements that (i) y+ z 0 for all (s;y) and

(i) z 0 whenevers = 0. The rst constraint re ects the fact that consumption ca nnot be
negative; the second re ects the fact that storage cannot benegative.

Given the solution for W, the optimal inventory management policy, z (s;y), is straightfor-

ward to determine.

Proposition 2  During a stock-out, the social planner will store the entireharvest if (0) <
(1 ki)%g’, sell the entire harvest to consumers if (y) > (1 ki)%g’, and otherwise choose

z 2] y;0]dened implicitly by (y+z)=( ki)%g’. Whenever inventory is positive,
if (0)< (1 ki)%‘g’then the social planner will store the entire harvest, so thaz = v;

if (y) (@ ki)%g’ (0) then the social planner will store some of the harvest, chogy
Zz 2 [ y;0] de ned implicitly by

y+z)=( ki)%sv; ®)
if
ow QW @)

(1 ki)@s (y) 1+ ko) @s

then the social planner holds inventory constant, so that =0;

8



if (y) @+ ko)%g’ then the social planner will lower storage, choosing 0 de ned

implicitly by
QW
@s’

(y+z)=(@1+ ko) 8

Our assumption that ki + ko, > 0 ensures that condition (7) will occur over some nontrivial
range of harvest levels. Thus, there will be a range of harvédevels for which it is socially
optimal to hold inventory constant. 6 There will be another region, where (8) holds, where it is
socially optimal to sell the commodity out of storage. Saleswill be set at a level such that the
opportunity cost of not consuming one additional unit immediately, (y+ z), equals the increase
in overall welfare from storing 1 + ky additional units, (1 + ko)%g’. In the remaining region,
where (6) holds, it is socially optimal to purchase the commality and store it. Purchases will be
set at a level such that the opportunity cost of not consumingan additional unit immediately,

(y + 2), equals the increase in overall welfare from storing 1 k; additional units, (1 ki)%g’.

Given this policy, we should observe discrete intervals beteen periods when the social plan-
ner raises and lowers inventory. That is, it will raise invertory for a while (perhaps including
periods when inventory is held constant), and then after sone delay will lower inventory. How-
ever, the social planner will not immediately switch from raising inventory to lowering it. This
delay is required for the state of the system, §;;Yy:), to move from the inventory-lowering region
(where (y) > (1 + ko) G®) to the inventory-raising region (where (y) < (1 ki) &¥).

It follows from (5) that in order to nd a surplus-maximizing inventory management policy

we need to solve

Z .
- . vy @W @wW 1 ,8W y+z (sy)
0= 1 — - W d 9

((z(sy)+7s) @S+( )@y+2 @y e y (@dq @)

for W(s;y), where the function z (s;y) is given in Proposition 2. We describe how we solve this

problem, which must be done numerically due to its highly norinear nature, in Appendix B.

3.2 Competitive equilibrium

We now show that the solution to the social planner's problemdescribed in Section 3.1 corre-

sponds to a competitive equilibrium with spot price equal to

Pt = P(st;yt) (Yt + Z (St:Wt)) (10)

at date t.17 This involves answering two questions. Firstly, what is the behavior of a storage

rm that takes this spot price process as given? Secondly, il storage rms behave in this way,

18 Chavas et al. (2000) and Constantinides (1986) nd that tran saction costs result in no-trade situations.
" Deriving a competitive equilibrium by solving an associate d “surplus' maximization problem has a long history

in studies of commodity markets (Samuelson, 1971; Scheinkman and Schechtman, 1983).



what would the spot price be? We nd that the answer to the secaxd question is the spot price
in (10), con rming that this spot price arises in a competiti ve equilibrium.

Consider a rm that currently holds x units of the commaodity in storage and takes the spot
price processpP (s;Y), and the aggregate sales by speculatorg, (s;y), as given. The rm chooses
its own storage policy in order to maximize its market value. Speci cally, the rm chooses its

rate of sales from storagew(Xx;s;y), in order to maximize

1
G(x;s;y) = Eg , e "w(xe; St ye)P (St yi) dt j (Xo; So:Yo) = (X;SiY)

where its total inventory evolves according to
dx; = ( (W(X¢; st ye)) + "xp)dt:

The corresponding Hamilton-Jacobi-Bellman equation is
@G, 1,086
@y 2 @Y

The choice ofw is constrained by the requirement that w 0 wheneverx = 0; that is, the

0=sup ((W)+DC ((@)+ S ) G + WP (s:y):

rm's storage cannot be negative!® Solutions to this equation, one of which is described in the
following proposition, correspond to optimal storage polties for a price-taking storage operator.

Proposition 3  An optimal storage policy for a price-taking storage operadr with x units of the

commoaodity in storage is to sell from storage at the rate
X
w(x;s;y) = gz (s;y): (12)

(Negative values ofw correspond to spot market purchases.) The market value of sh a storage

operator equals

ey = @W
G(x;s;y) = X@s' (12)

Suppose that each storage operator, who hasx; units of the commaodity in storage, follows

. Xj = s and the total

the storage policy described in Proposition 3. Then total sbrage is

sales from storage equals

X P

wi= Zz(sy)= — 1z (s;y)= z (s;y):
i i S S
Therefore if individual rms follow the storage policy in Pr oposition 3, the aggregate behavior
matches the evolution of total inventory under the social planner's optimal policy. Moreover,
Proposition 3 shows that this behavior is optimal for individual price-taking rms. It follows that
the solution to the social planner's problem described in Setion 3.1 corresponds to a particular

competitive equilibrium as described in the next proposition.

81n keeping with standard competitive equilibrium models, w e assume that the rm believes it can always
buy and sell as much of the commodity as it wishes. In particul ar, the rm's choice of w is una ected by the
nonnegativity constraints on consumption and aggregate storage.

10



Proposition 4 The spot price P(s;y) described in equation (10) is the result of a competitive

equilibrium in which the market value of each unit of the stagd commodity equals

8

3 T fz(sy)<o
V(siy) = 5 @y, ifz(s;y)=0;

C RSN itz (siy)> 0

and a storage operator withx units of the commadity in storage sells from storage at the &

w(x;s;y) = gz (s;y):

There are two distinct goods in our model | the commodity bein g traded in the spot market
and the commodity being held in storage. Their respective pices are the spot price and the mar-
ket value of a rm holding one unit of the commaodity in storage, and | as Proposition 4 shows
| these prices are not equal. However, speculators' ability to transform one good into the other
explains the links between the two prices that are evident fom Proposition 4. When speculators
are selling the commodity in the spot market (that is, when z (s;y) > 0), the market value of
a rm holding one unit of the commodity equals the net proceeds from selling the commaodity.
When speculators are buying the commodity from producers (hat is, when z (s;y) < 0), the
market value of a rm holding one unit of the commodity equals the expenditure that is avoided
by already owning the commaodity. In the remaining case, whee speculators are holding the
commodity but not trading in the spot market, the market valu e of the rm is equal to the
marginal value that the social planner attributes to invent ory.1®

The wedge between the market value of the stored commodity aththe spot price (adjusted
for the cost of moving the commaodity out of storage) has a natual interpretation in terms of a
real option embedded in each unit of the stored commodity. Ths option, which gives the rm
the ability to choose the time at which the stored commodity (or what is left of it) is sold, is
worth

Uiy Ve o,

Because a rm that currently holds one unit of the commodity in storage has the option to

sell this unit immediately, for a payo of P(s;y)=(1 + ko), it must be the case that V(s;y)

P (s;y)=(1+ ko). Thus, the market value of the embedded real option is nevenegative. Similarly,
a rm with no current stock-holding always has the option to buy 1=(1 k;) units of the
commodity and move them into storage. This costsP (s;y)=(1 k;) and results in the rm being
worth V (s;y), so that the rm must currently be worth at least V(s;y) P(s;y)=(1 k). Since

¥ Notice that if ki + ko = 0, so that there are no transaction-cost frictions, the mar ket value of one unit of
the stored commodity always equals P(s;y)=(1 + ko). We will see that this result plays an important role in
explaining why the convenience yield is zero (absent stock-outs) when the storage technology is frictionless.
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the rm with zero inventory has market value of zero, we must haveV(s;y) P(s;y)=(1 k;) O.
Thus, the market value of the embedded option must also satify

P(siy) P(siy) P(siy) _ (ki + ko)P(s;y).
I+ke 1 ki 1+ke (1 ki)d+ ko)

U(siy) = V(siy)

Since this con rms that the real option is worthless in the frictionless case, it shows that the
option value arises because of the element of irreversibiji in the storage technology. Not
surprisingly, therefore, we will see that this real option anbedded in the stored commaodity plays
an important part in our interpretation of the convenience yield, which is the subject of the next

section.

4 The convenience yield: valuation of the stored commodity

In this section we demonstrate how the presence of the frictin in our competitive storage model
gives rise to an endogenous convenience yield. The usual @érpretation of the convenience
yield is that it is a ow of nonpecuniary bene ts that rms rec eive as long as they store the
commodity and which can be large enough for rms to hold the canmodity in storage even
though the apparent expected return from doing so is negatie?® The value of these bene ts
is such that when they are incorporated into the expected retirn calculation, the owner of
the stored commodity just breaks even. That is, the sum of theexpected capital gain and the
convenience Yield equals the sum of opportunity and storageosts. Equivalently, the convenience
yield equals the expected return shortfall.

However, because we explicitly model all of the costs and bents associated with holding
the commaodity in storage it follows that there are no such ber ts in our model, and therefore
no expected return shortfall. Indeed, this is the case as lom as the market value of the stored
commodity (V in Proposition 4) is used to measure both the opportunity co$ and the capital

gain.

Proposition 5 The expected return shortfall from holding the commodity instorage is always

equal to zero:
E [dV]
dt

(r+ ")V =0:

This is unsurprising, sinceV is determined in the market for ownership shares in storage per-
ators. Equilibrium in this market, like that in any nancial market, will ensure that the owners
of storage operators never experience shortfalls or windlia in the expected rate of return on

their investment.

D This is often expressed in terms of forward prices, but the arguments apply just as well using the expected
future spot price.

12



Of course, the usual approach to calculating the conveniereyield uses the commodity spot
price as a proxy for the market value of the stored commaodity. In this approach, the commaodity

is valued at the spot price, so that the convenience yieldCY is

CY =(r+")P w: (13)
dt
The precise form of this convenience yield is reported in Prposition 6.
Proposition 6 The convenience yield is
8
5 0; if z (s;y) <0;
CY(Ey) =, (+") ) ( ) Ay) 32 Ry); if z (s;iy)=0; (14)
0 if z (s;y)> 0:

In our model | and we argue that the same is true more generally | the convenience yield
merely re ects an apparent expected return shortfall. It arises above solely becausehe stored
commodity is being misvalued when the spot price, rather tha the true market value of the
stored commodity, is used to calculate the expected return.The correct value is given by the
market value of the storage rm.

Proposition 6 shows that the convenience yield is nonzero dyn when storage operators are
not active in the spot market; speculative trade in the commadlity (that is, z (s;y) 6 0) is
su cient to keep the convenience vyield zero. While the misvduation implicit in the common
construction of the convenience yield can explain the exignce of a nonzero convenience yield,
why is the convenience yield zero whenever (s;y) 6 0? The answer to this question can be
found in Proposition 4. When z (s;y) < 0, speculators are buying the commodity in the spot
market and their presence means that the spot price equals (1 kj)V. Thus, the intertemporal
restrictions imposed on the market value of the stored commdity in nancial markets carry
over to the spot market | there is no expected return shortfal | in either market. Similarly,
when z (s;y) > 0, speculators are selling the commodity in the spot marketensuring that the
spot price equals (1 +ko)V and thereby inherits the intertemporal restrictions imposed onV
in nancial markets. Again, there is no expected return shottfall in either market. Only when
z (s;y) = 0, so that speculators are not active in the spot market, dces the linkage betweenP
and V break down. Without this linkage, equilibrium in nancial m arkets cannot impose any
intertemporal restrictions on the spot price.

The convenience yield has a natural interpretation in terms of the real option embedded
in the stored commaodity, which is omitted when the spot price is used in place of the correct

market value. Since the spot price satisesP = (1 + ko)(V  U), the convenience yield can be
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written as

cY = (r+")pP Egzp]
=+ k) @+ S ey ELU (15)

As shown in Proposition 5, nancial markets will ensure that investors cannot earn excess returns
by trading in shares of storage operators, which ensures thahe rst term in brackets on the
right hand side of (15) equals zero. It follows that the convaience yield equals

E [dU]

CY =(1+ ko) —

(r+"u : (16)

That is, the convenience vyield is actually the expected excss return on the real option embedded
in the stored commodity.

Equation (16) gets at the very essence of the convenience ¥ie It is usually interpreted as
the ow of bene ts that the storage operator receives while holding the commodity in storage.
However, consideration of all of the usual stories that motvate these bene ts reveals that they
are only received when the commodity is consumed, transfored as part of a production process,
or otherwise destroyed | they are not received while the commodity continues to be stored.
Put simply, the traditional interpretation of the convenie nce yield involves the storage operator
“having its cake and eating it too." In contrast, equation (16) shows that the convenience yield is
actually capturing the change in the present value of the timng option embedded in the stored
commodity. Di erent motivations for the convenience yield ultimately reduce to di erent reasons
why timing exibility might be valuable. In our model the sou rce of the timing option's value
is the friction in storage, but it also could arise from frictions in production, for example. Thus,
equation (16) can be interpreted as showing that the converince vyield re ects the expected
change in the present value of those future bene ts that occurs while the commodity is being
held in storage.

5 How frictions a ect backwardation

A large part of the literature on commodity markets has focused on the relationship between
spot and forward prices. This relationship is summarized bythe extent of backwardation | the
amount by which the spot price exceeds the (appropriately déscounted) forward price. Standard
market practice is to measure the extent of backwardation usg the amount by which the spot
price exceeds a given forward price (essentially the slopd the term structure of forward prices).
In contrast, Litzenberger and Rabinowitz (1995) discount the forward price by an amount re-
ecting the interest carry charges in their measure of what they call "'weak backwardation'. We
go one step further and also adjust the forward price to incoporate the physical depreciation
of the commaodity that occurs during storage. The resulting measure, which actually equals the
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present value of the ow of the convenience yield prior to theforward contract's delivery date,
0 ers signi cant insights into the impact of transaction-c ost frictions.?!

Following Routledge et al. (2000), we assume that the introdiction of a forward market
has no e ect on equilibrium in the spot market.?? We value any forward position simply by
calculating the present value of the cash ows it generates.For example, a long position in a
forward contract generates a cash ow ofpt f on its delivery date T, wheref is the contracted

forward price. By setting the date t market value of this position,
e "T YEpr f1=e T YEfpr] f);
equal to zero, we nd that the forward price at date t for delivery at date T is*3

fer = E¢lprl:

Suppose we currently hold 1 +k, units of the commodity in storage. If we move these units
out of storage we receive an immediate cash ow oP(s;y). Suppose, instead, that we hold
them in storage for years and then sell the units that remain. We can hedge spot pce risk
by taking e * long forward positions, ensuring that years from now we receivee =~ F( ;s;y),
where F ( ;s;y) is the current forward price for delivery  years in the future. In present value

terms, the gain from selling immediately equals
B(;siy)=P(siy) e ™) F(;siy): (17)

We refer to this as the extent of backwardation in the forward market. An equivalent measure

of backwardation is the interest- and storage-adjusted bais®*

F(;siy) ..:glog P(siy) B(:siy)

P(s;y) P(s;y)

It can be interpreted as the ow of benets (expressed as a costant proportion of the spot

1(:s)y) = }Iog (18)

price) that would be required for the return from holding one unit of the commodity in storage

Z1The other backwardation measures can also be expressed as msent values of ows. For example, the mea-
sure of weak backwardation in Litzenberger and Rabinowitz ( 1995) equals the present value of the ow of the
convenience yield net of ongoing storage costs. However, oumeasure is derived from the convenience yield alone,
and so captures the e ects of transaction-cost frictions wi thout being contaminated by factors such as ongoing

storage costs.
2|n particular, the introduction of a forward market cannot a ect the behavior of consumers, producers, or

storage operators. While this assumption is strong, it greatly simpli es the analysis. The (much more complicated)
alternative is to explicitly include forward markets in the model, derive demand and supply functions for forward
contracts with various delivery dates, and calculate marke t-clearing prices. For example, Richard and Sundaresan

(1981) and Kawai (1983) model simultaneous equilibria in fr ictionless spot and forward markets.
ZNote that we use the risk-neutral harvest process to calculate the expectation in this equation. Thus the

forward price is not necessarily an unbiased predictor of the future spot price when the actual harvest process is

used.

24 | is the usual expression for the convenience yield extracted from forward and spot prices in textbook

treatments of commodity futures markets (Hull, 2005, p. 117 ).
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for years to equal the payo from selling that unit immediately. > The interest- and storage-
adjusted basis reveals similar information toB. For example, B and | always have opposite
signs, so that the market is backwardated if and only ifl is negative.

Cash-and-carry arbitrage is possible ifB is too large and negative (orl is too large and
positive). If, for example, we own an empty storage facility we can buy 1 + Kk, units of the
commodity, immediately move (1 k;)(1+ ko) units into storage (the remainder are lost due to
the transaction-cost friction) and sell the units that remain after years have elapsed. We can
hedge spot price risk by taking (1 kj)e " long forward positions, ensuring that years from

now we receive (1 kj)e ~ F(;s;y). The immediate pro t from this strategy equals
L k)e "D F(isiy)  (L+ ko)P(s;y):

If cash-and-carry arbitrage is to be eliminated (which is a recessary condition for equilibrium)

then this prot must be less than or equal to zero. Equivalently, the forward price must satisfy

R 1+ k0 (r+") A7) -
F(;siy) 1k °© P(s;y);
so that the extent of backwardation satis es
- ki + ko .
B(:sy) 1k P(s;y)
and the interest- and storage-adjusted basis satis es

1(;sy) }Iog ?—E’
In particular, in the frictionless case (in which ki + ko = 0), the extent of backwardation can
never be negative and the interest- and storage-adjusted s can never be positive.
The following proposition shows that B( ;s;y) equals the present value of the ow of the

convenience yield in (14).

Proposition 7 The extent of backwardation and the convenience yield are leged according to
Z

B(isy)=Ep e (MY (st ve) dti(So; yo) = (SiY)

Figure 1 o ers a stylized representation of the behavior of bie convenience yield in our model
when the friction is present. The commodity is sold from stoage > 0) in the lower unshaded
region, while it is bought and stored in the upper unshaded rgion. The convenience yield is
zero in both regions. The shaded regions show where inventpiis held constant (z = 0). The

convenience yield is negative in the gray region and posite in the black region2® If the friction

25 0Of course, this calculation ignores the value of any real options embedded in the stored commodity.
Z\When the harvest is su ciently high, mean reversion imparts a negative trend in the harvest, and therefore

a positive trend in the spot price | the expected return short fall (the convenience yield) is negative. Similarly,
when the harvest is relatively low, the positive trend in the harvest implies a positive expected return shortfall,
and therefore a positive convenience yield.
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Figure 1. Convenience yield

y
z <0
—>
p—
z >0
-
S

Notes. The commodity is sold from storage (z > 0) in the lower unshaded region, while it is
bought and stored in the upper unshaded region. The convenience yield is zero in both regions. The
shaded regions show where inventory is held constant ¢ = 0). The convenience yield is negative
in the gray region and positive in the black region. If the fri ction is removed from the model, the
shaded region is restricted to that part of the vertical axis where the harvest is so low during a

stock-out that none of it is diverted into storage.

is removed from the model, the shaded region is restricted tdéhat part of the vertical axis where
the harvest is so low during a stock-out that none of it is divated into storage.

From Proposition 7, the extent of backwardation equals the gesent value of the ow of
the convenience yield over the period until the relevant foward contract's delivery date. In
the frictionless case, this ow is zero except when a stockt occurs. Based on our numerical
analysis in Section 6, the extent of backwardation is approimately zero until a stock-out is
imminent; consistent with the impossibility of cash-and-carry arbitrage, it is never negative. As
Figure 1 suggests, adding a transaction-cost friction to tle competitive storage model introduces
a small region where the convenience yield is positive and atger region where it is negative.
The former increases the extent of backwardation relative o the frictionless case, but the e ect
will be greatest when a stock-out is imminent. The latter, however, reduces the extent of
backwardation and | as we will see in Section 6 | makes it negat ive for all but low storage
levels.

Two things happen in equilibrium. With or without a transact ion-cost friction in the model,
when inventory is low rms hold inventory at a level such that B > O; that is, the marginal
storage operator is holding inventory even though the (appaent) return from selling immediately
is greater. When a transaction-cost friction is added, for &d but very low levels of inventory
rms hold inventory at a level such that B < 0; that is, the marginal storage operator is holding
inventory when the (apparent) return from adding even more d the commodity to storage is
positive. However, in both cases the marginal storage opetar is behaving rationally. In the rst
case, making decisions on the basis @& alone ignores the value of the real option to wait and
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sell the stored commodity at a later date. That is, the best aternative to selling immediately is
not necessarily to commit to sell years in the future, but rather to retain the option to sell at
any time; the value of this option is omitted from the B calculation. In the second case, making
decisions on the basis oB alone ignores the value of the real option to wait and buy moreunits
of the commodity at a later date. That is, the best alternative to buying immediately is not
necessarily to commit to buy years in the future, but rather to retain the option to buy at a ny
time (or not at all); thus the term e ("*") F(;s:y) in B overstates the cost of the alternative
to buying the commodity immediately.

6 Storage and price behavior

Although the description of the model in this paper is relatively straightforward, the key equa-
tions are highly nonlinear and (as we will see) the implied pice behavior is complex. Further
investigation of the role of transaction-cost frictions and the extent to which our model matches
the stylized facts of commaodity price distributions requires numerical analysis. In order to main-
tain the focus of the paper, we do not attempt a formal calibraion of the sort implemented for
the frictionless model by other authors (Chambers and Bailg, 1996; Deaton and Laroque, 1992,
1996; Routledge et al., 2000). Instead, we assign represatitve values for the model's underlying

parameters and analyze the impact of varying these values fahe most important parameters.

6.1 Parameter speci cation

We assume that the harvest evolves according to
dye= ( y)dt+ ydq
and that the inverse demand curve is described by
(x)= e ¢ x.

where , , , and are positive constants. Harvests generated by this procesare mean-
reverting with the long-run harvest being drawn from the gamma distribution with shape and
scale parameters 2= 2 and 2=(2 ) respectively. As a consequence, the unconditional mean
and variance of the harvest are and 2= (2 ) respectively. Deviations of harvests from the
long-run level are expected to decline at rate , the harvest can never become negative and,
provided 2 2 there is su cient upward drift to make the origin inaccessi ble, in which case
the harvest will always be positive?’” We choose the units in which the harvest is measured so

that the long-run average harvest level is unity, while we cloose the units in which the price

27Cox et al. (1985) use this process to model interest rates, where properties of mean reversion and non-
negativity are also important.
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is measured so that the price is unity when consumption equal the long-run average harvest.
That is, without loss of generality, we set = =1.
In order to complete the speci cation of harvest and demand ve need to select values for,
,and . Setting =log?2 =0:693 implies that the half-life of harvest shocks is one yeanvhile
setting = ( = 2)¥2 =0:589 implies that the unconditional standard deviation of the harvest
is half the unconditional mean?® When consumption equals the long-run average harvest level

demand elasticity equals
d (x) x
dx (X) x=

We consider a range of values for in the analysis that follows, but we ultimately settle on

= 2, so that the demand elasticity equals two when consumptia equals the long-run average
harvest level.

We set the risk-free interest rate equal tor = 0:04. In order to specify the market-price of
harvest risk we suppose that the market risk premium is 0.08 ad that the rate of return on the
market portfolio has standard deviation 0.2. We set the corelation coe cient between the rate
of return on the market portfolio and the exogenous harvest qual to 0.1, implying a market
price of harvest risk of =0:04.

This leaves the costs associated with storage. Along with Ratledge et al. (2000), we suppose
that inventory decays at a rate of " = 0:032° We consider several di erent values for the costs
of moving the commodity into and out of storage, but in all cases we assume thak; = ko. Our

parameter choices are summarized in Table 1.

6.2 Optimal storage policy and the implied price behavior

We begin by solving for the social planner's optimal storagepolicy, which is illustrated in
Figure 2. The top panel plots z (s;y) for two dierent levels of frictions for the case where
=1, while the bottom panel repeats this exercise for = 2. In each panel, ki = ko =0 in the
left graph and k; = ko, = 0:05 in the right graph. The four curves plot z (s;y) as a function of
the harvest (y) for di erent levels of total storage: the dashed-dotted curves correspond tos = 0,
the dotted curves to s = 0:1, the solid curves tos = 0:5, and the dashed curves tos = 1. The
graphs in the left column show that when the harvest is poor sgculators sell the commodity
from storage (that is, z > 0); when the harvest is good, speculators buy the commodity 1ad
store it (thatis, z < 0). Inspection of the four curves in each graph shows that whe inventory
is high, inventory is either sold more aggressively (that is positive values ofz are larger) or
bought more cautiously (that is, negative values ofz are smaller). The graphs in the right

column show that when a friction is introduced into the model the most noticeable change is

2 Note that in their one-factor calibrated model, Routledge e t al. (2000) nd that net demand has volatility

equal to approximately half of the mean, so this assumption i s consistent with their model.
2 This value for " is much lower than those estimated by Deaton and Laroque (1992, 1996), but Routledge

et al. (2000) argue that a small value is necessary if storageis to be signi cant.
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Table 1: Baseline parameters

Harvest dy: = ( y)dt+ y . 7d,
1:000
0:693
0:589

Inverse demand x)= e € 0

Storage cost

0:030
ki 0:025
Ko 0:025
Other
r 0:04
0:04

the appearance of a range of harvest values for which specttas temporarily withdraw from
the spot market | they neither buy nor sell the commodity unti | the harvest moves out of this
region. This is consistent with the behavior implied by Proposition 2.

Comparison of the two panels in Figure 2 reveals the importane of the shape of the demand
curve. As increases, so that stock-outs become more costly in terms aiverall welfare, the
curves shift left, implying that inventory is either bought more aggressively (that is, negative
values ofz become larger) or sold more cautiously (that is, positive véues ofz become smaller).
As our simulations will con rm, this leads to greater storage overall and less frequent stock-outs.
The intuition for this behavior is straightforward: if the d emand curve is su ciently steep for low
levels of consumption, the welfare losses from a future st&eout will be so high that the social
planner will hold back enough of the harvest in order to eke otiwhatever inventory remains.
Thus, we expect to see fewer stock-outs when the demand cunie very steep for low levels of
demand. In line with the observation that stock-outs are rare in actual commodity markets,
from now on we concentrate on the case where = 2, but point out the e ects of other values
in the next subsection.

Figure 3 reveals some properties of the spot price that is imied by the social planner's
optimal storage policy. The top panel plots the spot price usng the same format as Figure 2;
that is, the four curves in each graph plot P(s;y) as a function of the harvest (y) for di erent
levels of total storage 6). The graphs show that the spot price is decreasing in both tle level of
the harvest and total storage. When the storage technology antains a friction, the spot price
is especially sensitive to the harvest in the region whereg = 0 | this corresponds to the kinks

in each of the curves in the top panel of Figure 3. To see why, &ll that the spot price equals
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Figure 2: Social planner's storage policy

z (s;y) =1; ki =ko=0:00 z (s;y) =1; ki =ko,=0:05
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z (s1y) =2; ki =ko=0:00 z (s;y) =2; ki =ko,=0:05
0.6 0.6

Notes. Each graph plots z (s;y) as a function of the harvest (y) for four di erent levels of total
storage: the dashed-dotted curves correspond tos = 0, the dotted curves to s =0:1, the solid curves
to s = 0:5, and the dashed curves tos = 1. The top panel plots z (s;y) for two di erent levels of
frictions for the case where =1, while the bottom panel repeats this exercise for = 2. In each
panel the left graph corresponds to the case wherek; = ko, = 0, while the right graph corresponds

to the case wherek; = ko = 0:05. All other parameter values are given in Table 1.

P(s;y)= (y+ z (s;y)), so that

OP_ qy+z) 1422

@y @y

If storage operators are not trading in the spot market (that is, z = 0), then P(s;y) = (y)
and, even though total storage is nonzero, we get the no-stage spot price. In particular, if the
harvest rises by 'y, the spot price will fall by approximately j Yy)j y. Suppose, instead, that
z > 0, so that storage operators are currently selling the commadity from storage. Now an
increase in the harvest of y has two e ects on the supply of the commodity in the spot marke:
the amount supplied by producers rises by y and the amount supplied by storage operators
changes by(%zy < 0. Since these two changes work in opposing directions, theessitivity of the

spot price to the level of harvest is lower than in the case whez = 0.%0 The greater sensitivity

%n our numerical simulations, 1< @@—Zy < 0,sothat 1+ %Zy > 0 and positive harvest shocks result in lower

spot prices.
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Figure 3: Spot price behavior
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Notes. Each graph in the top panel plots the spot price, P(s;y), as a function of the harvest, y, for
four di erent levels of total storage: the dashed-dotted cu rves correspond tos = 0, the dotted curves
to s =0:1, the solid curves to s = 0:5, and the dashed curves tos = 1. Each graph in the bottom
panel plots the instantaneous volatility of the spot price f or the same four storage levels. In each
panel the left graph corresponds to the case wherek; = ko, = 0, while the right graph corresponds

to the case wherek; = ko = 0:05. All other parameter values are given in Table 1.

of the spot price to harvest shocks when storage operators arnot trading in the spot market
can be seen more clearly in the bottom panel of Figure 3, whiclplots the spot price volatility,

i (y)%fj. The high-volatility region does not arise in the frictionl ess case except during a stock-
out. Even when storage does contain a friction, spot price vatility is relatively low whenever

Zz 6 0. However, it can spike up dramatically whenz =0.

The behavior of the convenience yield and the extent of backardation is shown in Figure 4.
The top panel plots the convenience yield,CY (s;y), using the same format as Figure 2. When
there are no frictions, the convenience vyield is only nonzer during a stock-out. In contrast,
when frictions are introduced into the model both positive and negative convenience yields can
arise when inventory is strictly positive. This explains the di erence between the two graphs in
the bottom panel of Figure 4, which plot the extent of backwardation, B (0:25; s;y), as de ned in
equation (17). Recall thatB( ;s;y) measures the amount by which the payo from an immediate

sale exceeds the payo from a forward sale years in the future and (from Proposition 7)
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Figure 4. Convenience yield and backwardation
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Notes. Each graph in the top panel plots the convenience yield, CY (s;y), as a function of the
harvest, y, for four di erent levels of total storage: the dashed-dott ed curves correspond tos = 0,
the dotted curves to s = 0:1, the solid curves to s = 0:5, and the dashed curves tos = 1. Each
graph in the bottom panel plots the extent of backwardation, B (0:25;s;y), for the same four storage
levels. In each panel the left graph corresponds to the case were ki = ko, = 0, while the right graph
corresponds to the case whereki = ko, = 0:05. All other parameter values are given in Table 1.

that it equals the present value of the ow over the next years of the convenience yield.
In the frictionless case, when a stock-out is required for te convenience yield to be nonzero,
backwardation is close to zero except for very low levels oftgrage; it is never negative. If a
friction is present, the extent of backwardation behaves snilarly to the frictionless case when
storage is low, but can become negative for other storage lels.

The non-monotonic relationship betweenB and the harvest, which only occurs when the
transaction-cost friction is present, impacts on the term dgructure of forward price volatilities.

Recall from equation (17) that the forward price satis es

FGsiy)= €7 (P(siy) B(;siy)): (19)
Application of 1t6's Lemma shows that log F has volatility

() @F_ (y) @P @B,
F(;s;y) @y P(s;y) B(;s;y) @y @y’
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Figure 5. Samuelson's hypothesis
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Notes. Each graph plots the amount by which spot price volatility ex ceeds (three-month-ahead)
forward price volatility, as a function of the harvest, vy, for four di erent levels of total storage: the
dashed-dotted curves correspond tos = 0, the dotted curves to s =0:1, the solid curves to s =0:5,
and the dashed curves tos = 1. The left graph corresponds to the case where ki = ko = 0, while
the right graph corresponds to the case wherek; = ko = 0:05. All other parameter values are given
in Table 1.

while log P has volatility

v P,

P(s;y) @y
The two graphs in Figure 5 plot the amount by which the (log) spot price volatility exceeds the
(log) forward price volatility as a function of the harvest | evel for the same four storage levels
as in the preceding gures. The left graph corresponds to thecase wherek; = k, = 0, while
the right graph corresponds to the case wherd; = ko, = 0:05. In the frictionless case, the spot
price is signi cantly more volatile than the forward price d uring a stock-out, very slightly more
volatile when inventory is very low, and the two prices have the same volatility for all other
levels of inventory. That is, the Samuelson (1965) hypotheis that forward price volatility rises
as the delivery date nears holds in the frictionless case, @lough the change in volatility only
occurs when inventory is low3?

The right hand graph in Figure 5 shows that, when the transacion-cost friction is present,

during stock-outs the behavior of spot and forward price vodtility is similar to that in the
frictionless case. However, two dierences arise when inveory is positive. Firstly, during

moderately poor harvests, the spot price is more volatile tlan the forward price. This occurs

31 Routledge et al. (2000) claim (pp. 1317{1318) that Samuelson's hypothesis can be violated in their (friction-
less) storage model if inventory is su ciently large. Howev er, the apparent violations that they note only arise
when the delivery date is so close, and inventory so high, that stock-outs cannot occur prior to delivery. In that
case, the forward price equals the spot price scaled up by theusual cost-of-carry formula, so that forward price
volatility equals spot price volatility scaled up by the sam e factor. When the volatilities are measured using log

prices, as here, Samuelson's hypothesis continues to hold.
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because, as is evident from Figures 3 and 4, harvest shocks wedP and B in the same direction;
equation (19) shows that the two have opposing e ects on the drward price. Secondly, for
moderately good harvests, the spot price is actually less \atile than the forward price. This
time, Figures 3 and 4 show that harvest shocks mov@® and B in opposite directions, amplifying
the e ect on the forward price. Both of these results recall the observation by Bessembinder
et al. (1996) that Samuelson's hypothesis is driven by a negave correlation between changes
in the spot price and changes in the slope of the term structue of forward prices | in our
case, by a positive correlation between changes in the spotrige and changes in the extent of
backwardation.

The origin of this behavior is the region where the conveniepe yield is negative (and, there-
fore, where the spot price is expected to grow rapidly). For @ample, for moderately low harvest
levels, an increase in the harvest lowers the spot price butyecause it moves the system closer to
the region where the convenience yield is negative, makes mmnent rapid increases in the spot
price more likely. The market will factor in the likelihood t hat the reduction in the spot price
will soon be reversed and, as a result, the forward price wilfall by less than the spot price.
For moderately high harvest levels, an increase in the hana also lowers the spot price, but |
in contrast to the previous case | the system moves further away from the region where the
convenience yield is negative. This makes imminent rapid ioreases in the spot price less likely
than before, compounding the e ect of the reduced current spt price. Thus, the forward price

will fall by more than the spot price.

6.3 Simulations and the stylized facts of commodity markets

In this subsection we report the results of our analysis of sirage and price data simulated using
our model, with and without the transaction-cost friction. For each parameter combination we
consider, we begin from a situation with storage equal to zey and the harvest at its long-run
level and then simulate 600 years of harvests using an Eulerpgroximation with 260 steps per
year (that is, approximately one step per business day). We hen drop the rst 100 years of
observations, giving us a 500 year sample of approximately ally observations that should not

depend on our chosen initial state.

6.3.1 The importance of demand elasticity and transaction- cost frictions

Section 6.2 identies and k as key determinants of the behavior of spot and forward prics.
In this section we investigate their role in more detail. We begin in Table 2, by reporting some
results from repeating the simulation exercise describedtahe start of Section 6.3 for di erent
combinations of the key parameters and k. (All other parameters are as speci ed in Table 1.)
The rst two columns report the average storage level and theprobability that the storage level

is less than 0.01 of the mean (which we take as our approximatn of the frequency with which
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Table 2: The impact of demand elasticity and transaction-ccst frictions

Storage level Interest- and storage-adjusted basis Spot pice auto.
Mean Pr[stock-out] Pr[i< O] Pr[i=0] Pr[i> 0] EJ[iji< 0] EJiji> 0] Without With

k = 0:000
=1:0 0483 0110 0460 0540 0000 0:098 n/a 0:394 0641
=1:5 0810 055 0290 Q710 000 0:107 n/a 0:375 0680
=2:0 1148 0032 0197 0803 000 0:110 n/a 0:353 0702
=2:5 1493 0021 0124 0876 0000 0:128 n/a 0:328 0690
=3:0 1847 0013 0078 0922 0000 0:159 n/a 0:303 0702
k =0:025
=1:0 0451 0121 0331 0016 0653 0:138 0015 0394 0619
=1:5 0789 0057 0179 0022 (0800 0:173 0018 0375 0664
=2:0 1138 0031 0093 0019 0889 0:227 0021 0353 0693
=25 1496 0020 0064 0019 0917 0:237 0022 0328 0685
=3:0 1864 0013 0055 0018 0926 0:212 030 303 0696
k = 0:050
=1:0 0419 0136 310 0010 0679 0:150 0027 0394 0599
=1:5 0765 059 0164 0013 0823 0:188 0033 0375 0645
=2:0 1126 0031 0085 0011 0904 0:245 0039 0353 0682
=2:5 1497 0020 0049 0010 0942 0:303 0047 0328 0679
=3:0 1878 0012 0031 0009 0959 0:359 0052 303 0689

Notes. The rst two columns report the average storage level and the probability that the storage
level is less than 1% of the mean (which we take as our approximation of the frequency with which
stock-outs occur), while the next ve columns reveal inform ation about the distribution of the basis

i dened in (18). The nal two columns report the degree of (ann ual) autocorrelation in the spot
price, both when storage is not allowed (the rst column) and when it is allowed (the second column).
We use a 500 year sample of approximately daily observations Baseline parameter values are given
in Table 1.

stock-outs occur)3? The next ve columns reveal information about the distribut ion of the
interest- and storage-adjusted basisj; = | ( ;st;Y:) for the case where =0:25. The rst three
of these columns report the probabilities that the basis is rgative, zero, and positive, while the
remaining columns report the conditional means3® The nal two columns in Table 2 report the
degree of (annual) autocorrelation in the spot price, both vhen storage is not allowed (the rst

column) and when it is allowed (the second column)* Each panel corresponds to a di erent

32Due to rounding errors introduced during our numerical solu tion process, we cannot simply use the frequency

with which s =0.
% Since the underlying data derives from our numerical soluti on of the social planner's problem, and is therefore

subject to rounding errors, we regard i as zero if and only if jij  0:0001 (that is, the basis must be no greater

than one basis point).
% The annual autocorrelations are calculated using a 500-yea sample of non-overlapping annual observations

(that is, we retain only every 260th observation).

26



level of frictions, while each row within each panel correspnds to a di erent demand elasticity.

As expected, higher levels of the parameter determining deand elasticity lead to higher
average inventory and less frequent stock-outs. When stoige is frictionless, the adjusted basis
is occasionally negative, usually zero, and never positivegreater demand elasticity reduces the
probability that the basis is negative but increases its aveéage magnitude when it is negative.
Although introducing a transaction-cost friction reduces the frequency of negative adjusted basis
values, the most dramatic e ect is that the adjusted basis isusually positive. On average, the
magnitude of the adjusted basis is much smaller in positive tates than negative ones. Greater
demand elasticity reduces the probability that the basis isnegative and raises the probability
that it is positive; it increases the average magnitude of the adjusted basis in both negative
and positive states. Finally, comparison of the various roveé in each panel shows that greater
demand elasticity reduces the serial correlation in the spoprice when storage is not possible
and increases it when storage is possible. In fact, in some s@s storage doubles the degree of
autocorrelation, suggesting that the competitive storagemodel may, after all, be able to explain
high serial correlation in commaodity prices | particularly if the demand elasticity is so high
that stock-outs are rare3°

As Table 2 shows, one distinguishing feature of transactiortost frictions is that the interest-
and storage-adjusted basis can become positive. Di culties in measuring storage costs will
make it di cult to test this prediction accurately. Ng and Pi rrong (1994) estimate the interest-
and storage-adjusted basis for four industrial metals and nd it is negative for all days in their
approximately six-year sample. Other authors have investjated the properties of the interest-
adjusted basis. For example, Heaney (2006) analyzes monthidata on metal spot and forward
prices for the period November 1964 to December 2003 and ndthat the maximum value of
the interest-adjusted basis is 1.9% for copper, 3.1% for leh and 5.7% for zinc. If the interest-
adjusted basis is adjusted for storage costs, the distribtion shifts left. However, provided storage
costs are not too large, Heaney's results o er some supportof positive values of the interest-
and storage-adjusted basis, and therefore some support fahe role of frictions in commodity

markets.36

% The last two columns of Table 2 reveal that the e ect of demand elasticity and storage on the autocorrelation
of the spot price is negligibly a ected by increases in trans action costs, although there is some decline as these

costs decrease.
% Fama and French (1988) analyze daily data on spot and forward prices of industrial metals over the period

1972{1983 and nd that the proportion of days on which the int erest-adjusted basis (for forward contracts with
three months until delivery) is positive ranges from 3.2% (t in) to 60% (aluminium). In their data set, the basis

has greater magnitude (on average) on days when it is negative than on those when it is positive. For example,
the respective averages are 0:0286 and Q0026 for tin, and 0:0421 and Q0079 for aluminium.
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6.3.2 Commodity price dynamics

An important advantage of formulating our model in continuous time is that we are able to
simulate price data of any frequency. We exploit this featuie in the current section, where we
analyze the implications of transaction-cost frictions fa the behavior of daily spot and forward
prices. We begin by plotting simulated daily data in order to informally illustrate the behavior
predicted by the model. We then t various GARCH(1,1) models to our full simulated data set
of 500 years of daily commodity prices, and nd that (as long & frictions are present) our model
captures some key price behavior observed in actual commasgli markets.

Figure 6 displays eight years of simulated daily data for thecases when there are no frictions
(the left hand graphs) and whenk; = ko = 0:05 (the right hand graphs); in both cases =2
and = 0:25. There are no stock-outs in this sample period’:38 The top pair of graphs plots
the simulated paths of storage (the smooth curve) and the havest (the jagged curve), while the
second pair plots the spot price (black) and forward price (Ight gray). Inspection of the top two
graphs in each column might suggest that the behavior is sindar in the two cases. However,
there are subtle di erences that become clear when we consid the other graphs in each column.

The third pair of graphs in Figure 6 illustrates one of the mog important implications of
transaction-cost frictions for the issues we analyze in thé paper. The left graph shows that
the interest- and storage-adjusted basis is approximatelyzero at all times during this eight
year period, while the right hand graph shows sustained pedds when the basis is positive and
economically signi cant. In the cases we have considered he, the demand curve is su ciently
steep for low levels of demand that stock-outs almost never acur. This means that unless
frictions are present the instantaneous convenience vyielavill almost always be zero, which in
turn implies that the basis will be approximately zero exceg when stock-outs are imminent.

The fourth pair of graphs, which plots the magnitude of spot price returns, show that when
there are frictions in storage there are several brief perids during which spot price volatility
explodes to levels several times greater than long-run avage volatility, even though inventory
is positive. During these periods speculators withdraw fron the spot market, as can be seen
from the top graph, which shows that total storage remains costant during these periods of
high spot price volatility. 3 In contrast, in the frictionless case spot price volatility is relatively

stable as long as total storage is positive. The fth pair of gaphs, which plots the magnitude of

3"We choose a period that does not contain a stock-out in order to highlight the di erences between the cases
with and without transaction-cost frictions. When stock-o0 uts occur the two cases both feature high spot prices,

high spot price volatility, and a large negative interest- a nd storage-adjusted basis.
% Note from Table 2 that the average storage levels for these paameterizations of the model are s = 1:148 and

s =1:126 for the casesk; = ko =0 and k; = ko, = 0:05 respectively. Thus, in both cases total storage exceedsts

long-run average for the entire eight year period.
% From the perspective of an individual speculator, the sudden increase in volatility increases the value of

the speculator's delay options, encouraging it to keep existing inventory in storage, at least until some of the

uncertainty surrounding future levels of the spot price is r esolved.
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Figure 6: Eight years of simulated daily data
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Notes. Each column of graphs plots eight years of simulated daily data for the cases when there
are no frictions (the left hand graphs) and when k; = ko, = 0:05 (the right hand graphs). The top
pair of graphs plots the simulated paths of storage (the smooth curve) and the harvest (the jagged
curve), while the second pair plots the spot price (black) an d forward price (light gray). The third
pair of graphs plot the interest- and storage- adjusted basis. The fourth and fth pair of graphs plot

the magnitude of spot and forward price returns, respective ly.
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Figure 7. Spot price and the market value of the stored commaoity
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Notes. Each column of graphs plots eight years of simulated daily data for the cases when there are
no frictions (the left hand graphs) and when ki = ko = 0:05 (the right hand graphs). The top pair
of graphs plots the spot price (black) and the market value of the stored commodity (light gray).

The bottom pair of graphs plots the magnitude of market value returns.

three-month-ahead forward price returns, suggests that fowvard price volatility behaves in much
the same way as spot price volatility.

The intuition underlying this volatility clustering is str aightforward. From Figure 3, the
volatility spikes occur whenz =0 | that is, when speculators withdraw from the spot market
and are therefore unable to bu er the economy from harvest sbcks. As Figure 2 shows, for
any given level of storage, the region wherg =0 spans a nontrivial interval of harvest values.
The continuity of the harvest process therefore ensures thiathe state will remain in this region
for some time. Thus, a sudden increase in volatility indicaks that speculators have largely
withdrawn from the spot market, and the non-in nitesimal na ture of the transaction-cost fric-
tions means that they will not immediately return; while the y are inactive in the spot market,
volatility will remain high.

The top pair of graphs in Figure 7 plots the spot price (black) and the market value of
the stored commaodity (light gray), vi = V(st;Y:). In the frictionless case the market value of
the stored commodity is exactly equal to the spot price. Whenthe transaction-cost friction is
present, the market value is a constant proportion of the spo price whenever speculators are
buying the commaodity, and a (di erent) constant proportion when they are selling; the ratio of
market value to spot price uctuates between the two constarts when speculators are not active

in the spot market. This separation between the market valueand the spot price insulates the
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Table 3: GARCH models for spot and forward prices

k =0:000 k =0:025 k =0:050
Spot Forward Spot Forward Spot Forward
Model 1: Standard GARCH(1,1)
constant 0:000000 0000000 0000002 0000002 0000011 0000009

FEN 0:982 0984 930 0925 802 0801
e 0:018 0016 0066 0071 0190 0204
1=df 0:015 0014 0162 0161 0223 0224

Model 2: GARCH(1,1) with basis as an explanatory variable
constant 0:000000 Q000000 0000002 Q000002 0000011 Q000009

2 0:982 0984 0921 0919 a772 0783
el 0:017 0016 0071 0075 0199 0207
jit 4] 0:000009 Q000005 0000040 0000029 0000168 0000105
1=df 0:014 0013 0157 0158 0216 0219

Model 3: GARCH(1,1) with an asymmetric basis e ect
constant 0:000000 Q000000 0000002 0000002 0000013 0000010

FEN 0:982 0984 0923 0921 0766 0782
e 0:017 0016 0068 0073 0200 0207
[P 0:000009 0000005 0000076 0000041 0000442 0000196
i 0:000021 Q000012 0000124 0000064
1=df 0:014 0013 0160 0160 0220 0222

Notes. Each column reports the estimates of the variance equation in a GARCH(1,1) model for
the indicated price and friction. The simulated data is the s ame as that used in Table 2. Baseline

parameter values are given in Table 1.

market value of the stored commodity from the volatility spikes that a ect the spot market.
This is clear from the bottom pair of graphs, which plots the magnitude of market value returns
in the two cases: frictions have little impact on the volatility of the market value of the stored
commodity.

We now explore how well the volatility of the commodity price series mimics the stylized facts
suggested by commaodity price studies by tting various GARCH processes to our simulated daily
spot and forward price data and comparing our results with those contained in other authors'
studies of actual commodity price data. Our results are repoted in Table 3.4° The top panel ts
a standard GARCH(1,1) model, with t-distributed disturbances, to the spot and three-month-

ahead forward prices separately. Speci cally, we t

log pp = +ea;
& t(o; Z ); (20)
t2 = ot lt2 ¢t 2€t2 ts

40Because we are using 500 years of daily data, traditional measures of statistical signi cance convey little

information. Therefore, we only report the point estimates of the parameters in Table 3.

31



to our simulated spot prices and the analogous equation to ausimulated forward prices. Baillie
and Myers (1991) t this model to daily spot and futures price data for ve di erent agricultural
commodities and gold. For the agricultural commodities they report estimates of 1 in the range
0.67{0.87 for spot prices and 0.61{0.88 for futures pricesTheir corresponding estimates for »
are in the ranges 0.09{0.29 and 0.10{0.21, while their estimtes of &= lie in the ranges 0.058{
0.14 and 0.15{0.17‘.‘1 As Table 3 shows, when there are no transaction-cost frictins there is
almost no role for lagged-squared residuals in explaining nice volatility. Moreover, the model
is unable to generate prices with similar values of £ to those observed in actual commodity
price data. However, when a friction is present the model geerates price behavior remarkably
similar to that identi ed by Baillie and Myers (1991). For ex ample, whenk = 0:025 both the
coe cient on the ARCH term and the estimate of 1 = are close to their empirical counterparts.
This suggests that frictions play an important part in explaining commaodity price dynamics.
Ng and Pirrong (1994) argue that (20) is misspeci ed and incmsistent with the theory of
storage. In particular, they claim that demand and supply conditions determine both price
volatility and the interest- and storage-adjusted basis. Gven that storage data is not readily
available (certainly not with daily frequency), Ng and Pirr ong investigate the role that funda-
mentals play in determining price volatility by allowing ¢ to vary with the magnitude of the
lagged basis. Motivated by their approach, we re-estimate he GARCH model with the variance
equation in (20) replaced by*
t2= ot 1t2 t 2et2 ¢t siie
The results of tting this model to our simulated data are rep orted in the second panel of Table 3.
Ng and Pirrong nd that the coe cients on the lagged basis ter m are positive and statistically
signi cant for the four industrial metals they consider. Mo reover, spot price volatility is more
sensitive to the basis term than is forward price volatility. As Table 3 shows, transaction-cost
frictions are necessary for the basis term to aect price vadtility in our model. Consistent
with the empirical behavior documented in Ng and Pirrong (194), spot price volatility is more
sensitive to the basis term than forward price volatility. 43

The third panel of Table 3 reports the results of allowing the interest- and storage-adjusted

“lYang and Brorsen (1992) t a modi ed GARCH(1,1) model | day-o  f-the-week and other dummies appear in
the variance equation | to daily spot and futures price data 0 n seven agricultural commodities. Their estimates

for 1 and » are in the ranges 0.47{0.91 and 0.05{0.15 respectively. (They arbitrarily set 1 = =0:1.)
42Ng and Pirrong (1994) estimate a bivariate GARCH model, feat uring iZ , rather than ji; :j in the variance

equation. They report that the regressions involving i2 | andji: ] lead to similar qualitative results but that
the quadratic term leads to higher log likelihood values. We also nd that the two competing formulations lead

to similar results, but in our case the latter formulation is superior.
“Ng and Pirrong (1994) report estimates of 3 in the range 0.65{0.82 for spot prices and 0.73{0.88 for forward

prices for the four industrial metals. Their corresponding estimates for , are in the ranges 0.065{0.086 and
0.063{0.078. Table 3 shows that transaction-cost friction s are necessary if the competitive storage model is to
match these estimates.
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basis to have an asymmetric e ect on price volatility. This extension is motivated by Ng and
Pirrong (1996), who test whether spot price volatility is greater when the basis is negative than
when it is positive. In this case, we re-estimate the GARCH malel with the variance equation
in (20) replaced by

2 _ 2 : s .
t= ot 1¢ % 2et2 tt 3y T o4l o

where 8 8
< i ifi o _ <0 ifi O

i o= and i* =

0 ifi> 0 S0 ifi> 0o
Consistent with the evidence in Ng and Pirrong (1996), we nd that price volatility is more

sensitive to negative basis than to positive basis when fridons are present in the model**4°

7 Concluding remarks

In this paper we have presented a competitive storage modef@ommodity prices with transaction-
cost frictions. By introducing a degree of irreversibility into storage decisions, the transaction-
cost friction in our model e ectively embeds a valuable realoption in each unit of the commaodity
that is held in storage. A convenience yield appears simply bcause the usual calculation of the
expected return from storage mis-measures the value of the@ed commodity and ignores the
expected capital gain in the embedded option made availabldy storage, as well as the oppor-
tunity cost of holding this option. If the embedded option is included when calculating the
expected return from storage there is no expected return shtfall; if it is omitted, there can be
a (positive or negative) expected return shortfall and therefore a nonzero convenience yield.

Our formulation of the model in continuous time makes it relatively straightforward to
simulate high-frequency data. We used such data to investigte the implications of transaction-
cost frictions for the behavior of commodity spot and forward prices, as well as the market value
of the stored commodity, and found that frictions have a subte, but important, direct impact on
price dynamics. For example, frictions cause the spot pricdo experience intermittent periods
of very high volatility, corresponding to situations when speculators withdraw from the spot
market. When we tted various GARCH(1,1) models to our simul ated spot and forward price
data we found similar behavior to that observed in actual price data by numerous authors,
provided the friction is present. Similarly, although Samuelson's hypothesis | that spot prices
are more volatile than forward prices | holds in the friction less case, it no longer holds when
frictions are present. In particular, during moderately good harvests, forward prices are more
volatile than the spot price.

4 No asymmetric e ect can be estimated in the frictionless case due to its lack of negative basis observations.
45 0Our model suggests that when frictions are present, storage will have an e ect on volatility in the presence of

the basis terms. In fact, an improvement in t does result fro m adding storage directly to the model in the third
panel of Table 3. Statistical results are available on request.
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The ease with which simulated price and storage data are abléo be generated using this
model suggests that a rich array of predictions can be made. @ investigation of price volatility
| speci cally, into GARCH behavior and Samuelson's hypothe sis | is representative of what
can be done, but many other avenues can be explored. It may alsbe possible to calibrate
the model, in much the same way as Chambers and Bailey (1996peaton and Laroque (1992,
1996), and Routledge et al. (2000) have calibrated the fridbnless model, in order to estimate
the magnitude of transaction-cost frictions. The calibration process would be eased if reliable
high-frequency storage data were available in addition to he widely-available price data. This
suggests that emerging commodity markets, such as those fefectricity, might be ideal test-beds
for models such as the one presented in this paper.

Our analysis shows that transaction costs materially a ect decisions and market outcomes,
including price processes. Although we have focussed on comedity markets, we are hopeful
that the ideas presented in this paper can be applied to othemarkets in which frictions and
speculation play a role. The real estate market is an obviousandidate, but even nancial
markets, with their transaction costs, may be able to be anayzed using variants of the model

presented in this paper.
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Appendices

A Proofs

A.1 Proof of Proposition 1

Since total consumption of the commaodity equalsy + z, consumers' surplus equals
Z

y+z

CS(y;z) = ) ( (@ (y+2)daqg;

producers' surplus equalsy (y + z) and speculators' surplus equalsz (y + z).*®¢ The ow of

total surplus is therefore
Z Z

yt+z y+z

TS(z;s7y) = ) ((@ (y+r2)dg+y (y+2)+z (y+2)= . (9) dg:

A.2 Proof of Proposition 2

The marginal bene t of sales from storage equals

y+z) @ ki)%sv

when z < 0 and
@wW
@s

(y+2) (1+ko)

whenz O.

“8\We ignore production costs because the harvest is exogenous
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The simpler of the two cases in the proposition is wheres = 0, since then we only need to
consider the behavior of the marginal bene t of sales from sbrage over the intervalz 2 [ y;0]. If
0O <(@a ki)%g’then the marginal bene t of sales from storage is negative foall z2 [ y;0),
so that the social planner should choosez = vy. If (y) > (1 ki)%g’ then the marginal
benet of sales from storage is positive for allz 2 [ y;0], so that the social planner should

choosez = 0. In all other cases, the social planner should choose 2 [ y;0] de ned implicitly

by
@A
(y+z)=( ki)@g
Now we turn to the case wheres > 0. This is more complicated, as we need to consider the
behavior of the marginal bene t of sales from storage over bth the intervals z 2 [ y;0] and
z2[0;1). If (0)< (1 ki)%g’then the marginal bene t of sales from storage is negative fo
all z2 [ y;1), so that the social planner should choose = . If

e ki)%sv ©)

then the marginal benet of sales from storage is zero for somz 2 [ y;0], so that the social
planner should choose thisz , which is de ned implicitly by

@w

(y+z)=0Q1 ki)@s'

@ e W<ark) Dy

then the marginal bene t of sales from storage is positive fo any allowable z < 0 and negative
for all z > 0, implying that z = 0 is socially optimal. Finally, if (y) (1+ ko)%g’then the
marginal bene t of sales from storage is zero for some 0, so that the social planner should

choose thisz , which is de ned implicitly by

@wW
@s’

(y+z)=(1+ ko)

A.3 Proof of Proposition 3

We begin by proving that if the market value of a storage operaor equalsx@@S then w = xz =s
is an optimal storage policy. We then show that if a storage ogrator adopts this policy then its
market value equalsx%g’.
fery) = ¢ @W i

Suppose that the market value of a storage operator equal&(x;s;y) = X s whenever it
holds x units of the commodity in storage. If the rm sells wdt units of the commodity over
the next interval of time lasting dt years, then it has current market value

wpdt+ e "ME [G(x + dx;s+ ds;y+ dy)];
which reduces to
@G @G @G, 1 , @G

Goisy)+ wp (()+ ) gl (@) gt g t; tgy 1
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It therefore choosesw in order to maximize
w2 =wp ()

From Proposition 2, if z (s;y) < Othenp=(1 Kk )@W and the rm choosesw in order to
maximize 8
@w <0 if w< O;
(Wil k) (W) g ow e o
(ki + ko)w3gg ifw O
It follows that any w < 0 is optimal when z (s;y) < 0. Similarly, if z (s;y) > 0 thenp =

a+ ko)%g’ and the rm choosesw in order to maximize
8

@W < (ki + koyw@W @S if w< 0

(Wl+ ko) (w )) _
0 ifw O

It follows that any w > 0 is optimal whenz (s;y) > 0. Finally, if z (s;y) = 0then (1 ki)%"s"

p 1+ ko)@W and the rm choosesw in order to maximize
8

@w_ =~ (r @ k)GHw ifw<o

e ()@S S0 L+ k)DMw ifw O

Since this function is increasing inw for w < 0 and decreasing inw for w 0, it follows that
w = 0 is optimal when z (s;y) = 0. Optimality of the proposed storage policy w = xz =s
follows immediately.

Now we value a rm that manages its storage facility according to the policy described by
w = xz =s. Since it sellsw dt units of the commaodity over the next interval of time lasting dt

years, its market value, G, satis es
G(x;s;y) = w pdt+ e "ME [G(x + dx;s+ ds;y+ dy)];

which reduces to

X X . @G @G @G 12@6 _
O—gzp < (z )+ "x @x ((z)+ s)@;( @y > @9 rGg: (A-1)

The form of the storage policy, together with the constant returns to scale of the storage tech-

nology, implies that the market value of the rm will equal
G(x;s;y) = XV (s;y)

for some functionV to be determined. Substituting this expression forG into (A-1) shows that

V must satisfy

_ L@V @v 1 Z@V ; z (z)
0= ((z)+ S)@er( @y > @9, (r+ )V+; p . \
The form of allows us to rewrite this as
_ @V @V 1 2@V . z 2) eow z QW
0= ((z)+ 5)@;‘( @y 2 @y (r+")V+ S @s \ TS5 P 12)=
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The last term on the right hand side is identically equal to ze0.#’ Therefore V is determined
by
@V 1 2@V

0= ((z)+"s)%s/+( @y > @9 (r+")V+

It is straightforward to show that V = @S Wis a solution to this equation.

—_— V

z QW
S O(Z) @s

A.4  Proof of Proposition 4

The discussion prior to Proposition 4 in the text con rms that P(s;y) is a competitive equilib-
rium spot price and that the market value of each unit of the canmodity held in storage equals
%st- Proposition 2 shows that whenz (s;y) < 0

@W_ (y+ 1z (sy) _ P(sy).

and whenz (s;y) > 0
e @W_ (y+z (sjy) _ P(syy).
V= "@s™ 7 1rke  1tke
A.5 Proof of Proposition 5
Di erentiating equation (5) with respect to s shows thatV = @@st satis es
@V @V 1,8V
0= zZ (s;y))+ "s)— + = r+")vV+ ;
( (z (s;y) )@S( @yz@ff( )

where
QW @z
@s @s

Note that (i) @Z =0 in the region where z =0 and (ii) the term in large brackets equals zero

= (+z(siy) Az (siy)—=

in the region Wherez 6 0. Thus =0 for all (s;y), implying that

E [aV] NV w5y @V Qv, 1,8V "W =0
A.6 Proof of Proposition 6
The convenience yield equals
CY =(r+")P E(E(:P]:

When z (s;y) =0, the spot price is P(s;y) = (y) and It6's Lemma implies that

CY=(r+1 ) ()W 52 %

When z (s;y) > 0, Proposition 2 shows that the spot price is

Plsiy)= (+2)=(1+ ko) D

4" This is obviously the case whenz = 0. Moreover, Proposition 2 shows that p= 9z )% wheneverz 60,
so that the last term vanishes whenever z 6 0 as well.
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[td's Lemma implies that

EP v k) (@) HOW 1 OW

dt @3 @s@y 2 @s@y
The Hamilton-Jacobi-Bellman equation, (5), implies that
_ 15)@W ew, 1,8w "
0= ((z)+ s)@;( )@y+2 @9 r'W + TS(z ;y):
Di erentiating with respect to s shows that
_ . @W @w 1 ,3@wW " @W
0= () ™rge . gsey2 @say " as

where we have used the Envelope Theorem to remove the termsvialving %ZS. It follows that

E [dP] _ " @W @W 1 Z@W
g - Atk (@) G J@s@y 2 @s@y
= @+ ko)(r+")%sV
= (r+")pP;

whenceCY = 0. The case whenz (s;y) < 0 can be treated in the same way.

A.7 Proof of Proposition 7

Fix the delivery date of the forward contract at T, and allow the current date t to vary. Using
the de nition of B in equation (17), it is straightforward to show that
E [dP] e (r+")(T t)E [dF]
dt dt
(r + ")e (r+")T t)F (r + ") P e (r+")T t)F

E [dP] n (I’+")(T t)E [dF]
at r+"P e -

E [dB]

. (r+")B

SinceE [dF]=dt =0, it follows from equation (13) that

_ E [dB]

0 dt

(r+"B + CY:
When combined with the initial condition
B(0;s;y)= P(s;y) F(0;s;y)=0

this implies the result in Proposition 7.

B Numerical solution method

We use policy iteration to solve for the social planner's opimal storage policy on a discrete

grid in (s;y)-space. The starting point is an initial guess for the soci&planner's storage policy,
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denoted 2 (s;y), which we calculate using Proposition 2 for the case Wher@%—"s" =1 (that is,
we set%g’ equal to the price when consumption equals the long-run avexge harvest). Given the
storage policy z("(s;y), we solve the nite di erence approximation of the partial di erential
equation (9) after making the substitution z = z{(™. We use the central di erence to approxi-
mate %‘g‘/’, while the approximation for %g’ depends on the sign of (z("(s;y))+ "s. We use the
backward dierence if (z(M(s;y)) + "s > 0 and the forward di erence otherwise. We impose
numerical boundary conditions along the boundaries of the gd. Once we have found the nite
di erence approximation to the social planner's objective function, which we denote W (M (s;y),
we use Proposition 2 to calculate the new storage policg("*? (s;y). We repeat this sequence
of steps until convergence occurs.

Once we have found the social planner's storage policy, we kaulate the spot price directly
usingP(s;y) = (y+ z (s;y)). The extent of backwardation, B( ;s;y), is calculated by solving
the partial di erential equation corresponding to the present value of the ow of the convenience
yield (see Proposition 7) using a nite di erence method. The forward price is then calculated
directly using

F(isiy)= €™ (P(s;y) B(;s;y)):
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